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Summary. The adiabatic corrections of  the i 3//g state of  H 2 a re  calculated for a 
wide range of internuclear distances using an explicitly correlated wavefunction. 
The vibrational structure of  this state is calculated in the adiabatic approxima- 
tion. It  is shown that for N = 1 levels of  the " - "  substate, for which the 
nonadiabatic corrections are negligible, the agreement between theory and 
experiment is excellent; the small mass independent discrepancy of the order of  
0.5 3 cm -1 is due to the convergence error in the Born-Oppenhe imer  calcula- 
tions. For  higher N the discrepancy is much larger. However, it is mass and 
N-dependent and it is almost entirely due to the nonadiabatic effects caused by 
3ffIg-3Ag interactions. The still larger discrepancy for the " + "  substate of  the i 
state is evidently caused by additional interactions of  the i state with close-lying 

3 + states of  2g symmetry. 
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1. Introduction 

The i 3IIg state of  H 2 belongs to the 3s, d Z I IA  complex of states which has been 
studied extensively in the recent years by experimental methods [1-12]. The 
states resulting from 3s, d configurations which form this complex of states, i.e. 
h(3s) 322g ÷ , g(3d) 3Xg + , i(3d) 2Ilg and j (3d)  3Ag need  special treatment since the 
electronic energy separations between the individual states are smaller than the 
rovibrational energy separations. Consequently, the rotation of the molecule 
induces a breakdown of the Born-Oppenhe imer  approximation. The only 
exceptions are the N = 1 levels of  the i 3EL state for which the adiabatic 
approximation is adequate. Theoretically the i ~IIg state of  H2 was studied in the 
Born-Oppenhe imer  approximation several years ago [13]. In that study a very 
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flexible wavefunction depending explicitly on the interelectronic distance was 
used and an accurate potential energy curve was calculated. In this paper the 
previous study is extended to include adiabatic corrections. 

2. Adiabatic calculations 

The adiabatic corrections are given as expectation values of the operators: 
! 

H'  = g '  1 + H ;  + H3, (1) 

where 

H'I = - (1/2#)AR, (2) 

H ;  = -- (1/8#)(A 1 + A2) , (3) 

H;  = - (1/4#)V, V2. (4) 

H~ is the operator of  the relative kinetic energy of the nuclei, H~ is the correction 
operator to the kinetic energy of the electrons, H~ is the mass polarization 
operator and # denotes the reduced mass of the nuclei. The explicit expression of 
(A IH', [A ) in terms of elliptic coordinates is given in [14]. However, that general 
formula for A = 0 is quite inconvenient for numerical computations. Therefore 
we adopt here the simplified method developed by Wolniewicz [15, 16]. The 
electronic wavefunction for the 3// state is assumed in the form: 

71(1, 2) = ~ ci[~i(1, 2)(xl + iyl) - ~i(2, 1)(x2 + iy2)], (5) 
i 

where xi and Yi denote cartesian coordinates of ith electron and the basis functions 
4;(1, 2) which possess X symmetry are expressed in elliptic coordinates as: 

- n i k i  m i l i ~b i ( 1, 2) = exp( - e{, - ~2)~ 101 ~ 2 " 2 [ e x p ( f l t l l  -'}- ffq2) -I- ( - -  1) ki + li +, 

X exp( --fir/, -- firli)](2rl2/R)% (6) 

where e, t ,  ~, /~ are nonlinear variational parameters, ni, k;, /~, rni and #i are 
integers greater or equal to zero; r,2 and R describe the interelectronic and 
internuclear distances, respectively. According to Wolniewicz [15], in order to 
evaluate ( H I )  it is convenient to express basis functions in the form: 

tb i (1, 2)(Xl + iy,) = 2 ! / 2 ~ i  (1, 2)Ai exp(i~), (7) 

where ~ is the Euler angle describing rotation around the molecular axis. Under 
this assumption the diagonal part of  AR has the form (we omit here the rotation 
term) : 

(IIAR[1) = 
i , k  k J  

+ 21/2/R2 I A * q~ .*, zk ( l lL + lO )q~k dr l  , (8) 

where integranon is performed over all electronic coordinates. L + = Lx + iLy, 
where Lx and Ly are the components of electronic angular momentum in the 
molecule fixed-frame and ( l lL+I0)  is an operator given explicitly in elliptic 
coordinates in [14]. The term (0IAR [0) denotes the appropriate operator for X 
states [ 17]. 
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Table 1. Adiabatic corrections (H ' )  of the i 3IIg state in cm -1. 
AD = H'(oo) H'(R) is the adiabatic correction to the dissociation 
energy 

R (H~} (H'2) (H~} (H'} AD 

1.0 499.953 61 .514  0 . 0 1 8  561.485 -486.779 
1.2 353.665 54 .895  0 . 0 2 2  408.582 -333.876 
1.4 265.366 49 .684  0 . 0 2 6  315.076 -240.370 
1.6 208.054 45 .541 0 . 0 3 2  252.627 - 178.921 
1.8 168.822 42 .223  0 . 0 3 9  211.084 -136.378 
1.9 153.727 40 .816  0 . 0 4 4  194.587 - 119.881 
2.0 140.877 39 .554  0 . 0 4 7  180.478 - 105.772 
2.3 112.151 36 .503  0 . 0 7 0  148.724 -74.018 
2.5 9 8 . 7 9 5  34.979 0.091 133 .865  -59.159 
3.0 78.418 32 .589  0 . 1 9 8  111.204 -36.498 
3.5 74.990 32 .088 0 . 5 1 6  107.594 -32.888 
3.7 80.781 32 .529  0 . 7 8 9  114.776 -40.070 
4.0 9 5 . 3 3 7  34.245 1.468 130.848 -56.142 
4.5 7 6 . 3 1 6  37.448 2 . 9 6 2  116.726 -42.020 
5.0 4 4 . 4 4 0  38.801 3.811 87.052 -12.346 
6.0 3 3 . 5 2 4  38 .449  4.306 76.279 -1.573 
7.0 3 2 . 7 5 6  37 .869  4.469 75.094 -0.388 
8.0 3 2 . 7 2 4  37 .576  4.555 74.855 -0.149 

10.0 3 2 . 7 4 6  37 .409  4.627 74.783 -0.077 
12.0 32.733 37 .382  4.648 74.763 -0.057 
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The  ad iaba t i c  ca lcula t ions  were pe r fo rmed  using the previously  cons t ruc ted  
electronic wavefunc t ion  consis t ing o f  70-terms in the expans ion  [ 13]. The  adia-  
bat ic  cor rec t ions  were ca lcula ted  for  a wide range o f  in te rnuc lear  distance:  
1.0 ~ R ~< 12.0 bohr .  The results  are  presented  in Table  1 where all values bu t  R 
are  given in units  o f  cm i. AD denotes  the ad iaba t i c  cor rec t ion  to the d issocia t ion  
energy. The  overal l  character is t ic  o f  the ad iaba t i c  cor rec t ions  for  the i s tate is 
s imilar  to tha t  found  for  the I 1Hg state [18]. I t  is charac ter ized  by  a large value 
for  small  R which is a consequence  o f  the fact  tha t  for  small  R the d o m i n a n t  
con t r ibu t ion  or iginates  f rom the term [L(L + 1) - 2A2]/2#R 2 (L = 2 and  A = 1 
for  the i state) which becomes  very large for  R --+ 0. ( H ' I )  possesses a m a x i m u m  
near  R = 4.0 bohr .  Therefore  the ad iaba t ic  cor rec t ion  increases the hump  on the 
B o r n - O p p e n h e i m e r  poten t ia l  energy curve appear ing  in this region [13]. 

3. Vibrational structure 

The  ad iaba t i c  wavefunct ions  Z~N(R) and  eigenvalues EvN w e r e  ob ta ined  by 
numer ica l  so lu t ion  o f  the one-d imens iona l  Schr6dinger  equa t ion  for  nuclear  
mot ion :  

[ 1 d 2 N ( N  + 1) 2# R2 1 2 # d R 2  + UB°(R) + ( H ' ( R ) ) +  EvN ZvN(R) = 0 ,  (9) 

wi th  the BO poten t ia l  energy curve taken  f rom [13] and  the ad iaba t i c  cor rec t ions  
( H ' ( R ) )  c o m p u t e d  in this work .  The  numer ica l  in tegra t ion  was carr ied  out  in 
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Table 2. Dissociation energies for the i 3//g state of H2, HD, and D 2 
in the adiabatic approximation 

v N = 0  N = I  N = 2  N = 3  N = 4  

H 2 

0 6366.644 6309.671 6196.188 6027.111 5803.783 
1 4250.420 4196.766 4089.903 3930.717 3720.504 
2 2279.867 2229.566 2129.400 1980.232 1783.329 
3 462.147 415.390 322.314 183.783 1.076 

HD 
0 6539.528 6496.543 6410.837 6282.928 6113.585 
1 4688.237 4647.411 4566.015 4444.553 4283.767 
2 2945.736 2907.078 2830.010 2715.024 2562.846 
3 1315.242 1278.817 1206.213 1097.916 954.646 

D2 
0 6740.932 6712.080 6654.492 6568.404 6454.161 
I 5211.506 5183.832 5128.599 5046.034 4936.476 
2 3754.408 3727.911 3675.029 3595.984 3491.108 
3 2370.699 2345.394 2294.893 2219.416 2119.288 
4 1062.958 1038.887 990.855 919.080 823.886 

Table 3. Rotational constants B~ (in 
cm -1) for the i 3/-[g state of H2, HD, 
and D 2 

v H2 HD D2 

0 28.525 21.514 14.436 
1 26.865 20.434 13.846 
2 25.187 19.350 13.258 
3 23.415 18.233 12.662 
4 12.045 

the interval  R = 0 to 12 bohr  and  the in tegrat ion step was 0.01 bohr.  F o r  the 
nuclear  masses we used Mp = 1836.1515 and  Md = 3670.4907 in uni ts  of  me. 

The final results of  the computa t ions  of adiabat ic  rovibra t ional  energies, Dr, 
are presented for the i state of H 2, HD,  and  D 2 in Table  2. In  Table  3 the 
ro ta t ional  constants  B v calculated in the adiabat ic  approx imat ion  are included. 
In  Table  4 t he  calculated term values Tv are compared with the experimental  
data. The adiabat ic  T~ values were obta ined by subtract ing the computed  
vibra t ional  energies D~ from the theoretical adiabat ic  dissociation limits. The 
latter values were taken from [16] and  they are 118377.200, 118676.087, and 
119029.841 cm 1 for H2, HD,  and  O2, respectively. The experimental  term 
values listed in Table 4 are those for the " - "  substate of the i state and  were 
taken from [11] and [19] for H 2 and  D2, respectively. For  H D  the experimental  
term values were obta ined by adding the experimental  energy for the i state, 
measured in respect to the v = 0, N = 1 level of the c 3 / /u  state [9], to the 
theoretical adiabat ic  energy of this level of the c state [20]. It  should be noted,  
however, that  uncer ta in ty  in the latter value is of  the order of  0.5 cm -1 
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Table 4. Comparison of the theoretical adiabatic term values T~ (cm- 1) with experimental data for 
the i 3//g state of H2, HD, and D2. A stands for Tadiab--Tex p 

N v Tadia b Tex p A N /) Tadia b Tex p A 

H 2 
1 0 112067.53 112066.96 0.53 
1 1 114180.43 114177.96 2.47 
1 2 116147.63 116144.82 2.81 
1 3 117961.81 117961.06 0.75 

2 0 112191.01 112141.19 39.82 
2 1 114287.30 114259.30 28.00 
2 2 116247.80 116227.03 20.77 
-2 3 118054.89 118042.98 11.91 

3 0 112350.09 112265.55 84.54 
3 1 114446.48 114384.78 61.70 
3 2 116396.97 116352.36 44.61 
3 3 118193.42 118167.46 25.96 

4 0 112573.42 112442.43 130.99 
4 I 114656.70 114557.12 99.58 
4 2 116593.87 116522.34 71.53 
4 3 118376.12 118339.67 38.45 

HD 
1 0 112179.55 112179.39 0.16 
1 1 114028.68 114028.24 0.44 
1 2 115769.01 115768.09 0.92 
1 3 117397.27 117295.75 1.52 

2 0 112265.25 112243.81 21.44 
2 1 114110.08 114094.27 15.81 
2 2 115846.08 115834.28 11.80 
2 3 117469.88 117461.22 8.66 

3 0 112393.16 112344.59 48.57 
3 1 114231.54 114195.10 35.44 

HD 
3 2 115961.07 115934.42 26.65 
3 3 117578.17 117559.61 18.56 

4 0 112562.51 112483.65 78.86 
4 1 114392.32 114332.07 60.25 
4 2 116113.24 116068.83 44.41 
4 3 117721.44 117690.94 30.50 

D2 
1 0 112317.76 112317.13 0.63 
1 1 113846.01 113845.27 0.74 
1 2 115301.93 115301.01 0.92 
1 3 116684.45 116683.29 1.16 
1 4 117990.95 117975.17 15.78 

2 0 112375.35 112365.66 9.69 
2 1 113901.24 113893.63 7.61 
2 2 115354.81 115348.78 6.03 
2 3 116734.95 116739.18 4.77 
2 4 118038.99 118038.20 0.79 

3 0 112461.44 112439.25 22.19 
3 1 113983.81 113966.40 17.41 
3 2 115433.86 115420.39 13.47 
3 3 116810.42 116800.31 10.11 
3 4 118110.76 118103.67 7.09 

4 0 112575.68 112538.45 37.23 
4 I 114093.36 114063.94 29.42 
4 2 115538.73 115516.05 22.68 
4 3 116910.55 116893.90 16.65 
4 4 118205.95 118194.84 11.11 

I n  the  a d i a b a t i c  a p p r o x i m a t i o n  the  i 3/-/g s ta te  is d o u b l y  degene ra t e .  I t  is 
3 + I f  n o n a d i a b a t i c  effects a re  added ,  c o m p o s e d  o f  two  subs t ra tes ,  i 3 /7g  a n d  i / / g  . 

the  a b o v e  m e n t i o n e d  d e g e n e r a c y  is r e m o v e d .  T h e  n o n a d i a b a t i c  effects fo r  
the  i s tate ,  up  to  the  s econd  o r d e r  in p e r t u r b a t i o n  theory ,  a re  caused  by  the  

3 + 3Z~-, a n d  j 3Ag s ta tes  i n t e r a c t i o n  b e t w e e n  the  i s ta te  and  the  close ly ing h Sg,  g 
a n d  are  e x a m p l e s  o f  so-ca l led  h e t e r o g e n e o u s  n o n a d i a b a t i c  effects. T h e  h o m o g e -  
n e o u s  n o n a d i a b a t i c  effects caused  by the  i n t e r a c t i o n  o f  the  i s ta te  w i th  h ighe r  
s tates  o f  this s a m e  s y m m e t r y  a re  m u c h  smal le r  because  o f  the  re la t ive ly  la rge  
ene rgy  gap  b e t w e e n  the  i s ta te  a n d  h ighe r  3Hg states.  F o r  the  " - "  subs ta t e  o f  the  
i s ta te  the  h e t e r o g e n e o u s  n o n a d i a b a t i c  effects a re  caused  en t i re ly  by  the  p e r t u r b a -  
t ion  by  t h e j  3Ag state.  T h e r e f o r e  fo r  N = 1 levels  o f  the  i 3 / / f f  s tate,  f o r  wh ich  
there  is no  c o r r e s p o n d i n g  levels  o f  the  j 3Ag state ,  the  n o n a d i a b a t i c  c o r r e c t i o n s  
s h o u l d  be  negl ig ible .  As  is seen f r o m  T a b l e  4 the  d i f fe rence  b e t w e e n  t h e o r y  and  
e x p e r i m e n t  fo r  the  N = 1 levels  is ve ry  small .  F o r  v = 0 this is 0.53, 0.16, a n d  
0.63 cm 1 for  H2,  H D ,  a n d  D2, respec t ive ly .  Since  this d i s c r e p a n c y  is a l m o s t  
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mass- independent ,  except  for  H D  for which there is uncer ta in ty  o f  the o rder  of  
0.5 cm -1, it is clearly due to the convergence er ror  in the B o r n - O p p e n h e i m e r  
poten t ia l  energy curve. In  vicinity o f  the equi l ib r ium this e r ror  is o f  the o rde r  o f  
0.5 cm -1. The  slightly larger  d iscrepancy for  higher  v ib r a t i ona l  levels ( b u t  still 
for  N = 1) means  tha t  the above  men t ioned  convergence er ror  is sl ightly larger  
for  larger  values o f  R. 

F o r  the levels with N > 1 the d iscrepancy is much  larger  and  it is s t rongly  
N-dependen t .  Since these levels are  pe r tu rbed  by  the j s tate the d iscrepancy 
might  be a t t r ibu ted  to the he terogeneous  nonad i aba t i c  effects. These effects for  
the A - / / i n t e r a c t i o n  depend  on N like (N + 2)(N - 1) [21], so the nonad i aba t i c  
effects for  N = 2, 3, 4 levels should  be o f  ra t ios  4:  10:18  = 2 : 5 : 9 .  The  corre-  
sponding  ra t ios  can be found  f rom Table  4 and  they a m o u n t  to 2 : 4 . 3 : 6 . 6 ,  
2 : 4.4 : 7.1, and  2 : 4.3 : 7 for  v = 0, 1, 2 levels o f  H2, respectively.  The  cor respond-  
ing ra t ios  for  D2 are 2 : 4 . 6 : 7 . 7 ,  2 : 4 . 6 : 7 . 7 ,  and  2 : 4 . 5 : 7 . 5  for  v = 0 , 1 , 2 ,  
respectively.  I t  is seen tha t  despi te  a small  e r ror  in the BO ca lcula t ion  the 
d iscrepancy between theore t ica l  and  exper imenta l  te rm values for the i 3Fig state 
can be a t t r ibu ted  a lmos t  ent irely to nonad iaba t i c  effects and  these effects can be 
es t imated  f rom Table  4. 

In  Table  5 we compare  the theore t ica l  and  exper imenta l  te rm values for  the 
i 3 / /+  state o f  H2. As is seen f rom this table  the discrepancies  are  much  larger  
and  have oppos i te  sign. F o r  the " + "  substa te  o f  the i state, in add i t i on  to 
pe r tu rba t ion  by the j 3 + Ag state,  the pe r tu rba t ion  by the close lying h 327+ and  
g 32;+ states appears .  I t  is evident  tha t  the la t ter  in te rac t ion  leads to much  larger  
nonad iaba t i c  correc t ions  and  these correc t ions  have oppos i te  sign to the correc-  
t ions caused by  / / - A  in teract ions .  Trea t ing  bo th  correc t ions  as addi t ive  it is 
poss ible  to es t imate  the nonad iaba t i c  effects caused by t h e  31-lg-327g in teract ion.  1 

Table 5. Comparison of the theoretical adiabatic 
term values (cm -~) with experimental data for the 

3 + i Hg state of H 2. A stands for Taaia b- Tex p 

N v Tadia b Te× p A 

1 0 112067.53 1i2153.71 -86.18 
1 1 114180.43 114269.15 -88.72 
1 2 116147.63 116182.28 -34.65 
1 3 117961.81 117983.74 --21.93 

2 0 112191.01 112311.08 - 120.07 
2 1 114287.30 114419.48 --132.18 
2 2 116247.80 116319.29 -71.40 
2 3 118054.89 118106.95 -52.06 

3 0 112350.09 112503.79 - 153.70 
3 1 114446.48 114614.27 - 167.74 
3 2 116396.97 116504.17 - 107.20 
3 3 118193.42 118278.96 --85.54 

1 As one of the referees pointed out, the unperturbed term values for the i state calculated from 
L-uncoupled parameters for 3s, 3d complex of states listed in Table VII of [ 1 I] for H a and in Table 
VII of [9] for HD are far from the observed term values, but in agreement with the calculated ones 
given in this paper 
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4. Conclusion 

We have presented in this paper  adiabat ic  correct ions for the i 3_f/g state which 
improve  agreement  between theory  and exper iment  for this state. The  conver-  
gence error  in the BO calculat ions has been est imated as 0.5 cm -1 in the vicinity 
o f  the equi l ibr ium internuclear  distance. The  remaining discrepancy is clearly due 
to the nonadiaba t ic  effects or iginat ing f rom I I - A  and Z - H  interactions.  Com-  
par ison between theoret ical  and exper imental  term values allows one to est imate 
these corrections.  
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